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LOCAL BUCKLING OF CURVED ELEHENTS 
by 
1 2 3 M. B. Parks, C. Santaputra , and W. W. Yu 
INTRODUCTION 
Many structural components are composed either partially or 
totally of curved elements. Curved elements are often found in 
automotive structural components (Fig. 1), roof decks, and other 
corrugated sheets. Because curved elements are widely used, and because 
existing knowledge of their structural behavior is lacking, the present 
investigation was initiated to develop improved analysis and design 
procedures. 
The accurate, analytical prediction of the compressive strength of 
curved elements is extremely difficult. This difficulty arises 
primarily because: 1) large deflection theory, which is much more 
complex than linear theory, must be used to analyze curved element 
buckling caused by axial stresses, 2) curved elements with appreciable 
curvature are quite sensitive to imperfections, 3) curved elements with 
small curvatures are particularly sensitive to edge restraints at their 
boundaries, and 4) the effects of residual stresses and cold work are 
difficult to predict. Because of the complexities involved in 
predicting the critical buckling stress of curved elements, it is 
essential that design expressions for the compression of such elements 
be empirical or at least semi-empirical in nature. 
In this paper, local buckling of both stiffened and unstiffened 
curved elements is investigated through the use of short stub column 
tests. As shown in Fig. 3, stiffened curved elements are supported on 
all four edges whereas unstiffened curved elements are supported on 
lResearch Assistant, Department of Civil Engineering, University of 
Missouri-Rolla, Rolla, Missouri 
2Research Assistant, Department of Civil Engineering, University of 
Missouri-Rolla, Rolla, Missouri 
3Curators' Professor of Civil Engineering, University of Missouri-Rolla, 
Rolla, Missouri 
277 
~78 EIGHTH SPECIALTY CONFERENCE 
three edges with one longitudinal edge free. Also being studied is the 
interaction between curved and flat elements and curved elements 
subject to bending. However, the investigation of these topics has not 
yet been completed. 
The research work discussed herein is a part of an ongoing research 
project entitled "Structural Behavior of Automotive Structural 
Components Using High Strength Sheet Steels". The project is being 
conducted at the University of Missouri-Rolla under the sponsorship of 
the American Iron and Steel Institute. 
ANALYTICAL INVESTIGATION 
1. Stiffened Curved Elements. There have been several attempts 
to develop equations to predict the buckling stress of stiffened curved 
elements. Perhaps the most noteworthy of these equations was derived by 
Redshaw (2). He developed the following expression on the basis of the 
classical energy approach: 
in 
f = __ E_ [~2(1-lh 
cr 6(1-i) 
which 
f elastic buckling stress of 
cr 
E modulus of elasticity 
)l elastic Poisson's ratio 
t curved element thickness 
R curved element radius 
b curved element arc length 
(1) 
a stiffened curved element 
Sechler and Dunn (3) later showed that Eq. (1) could be expressed 
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buckling stress ratio of a stiffened curved 
element subject to uniform compression 
buckling stress ratio of a full cylinder with the 
same R/t ratio as the curved element 
279 
(fcr/E)f = buckling stress ratio of a simply supported flat 
plate with the same bit ratio as the curved element 
Because the theoretical elastic buckling stress ratio for 
cylinders, 
consistently predicts fcr values much higher than the experimental 
values, it seems appropriate to replace the theoretical value of 
(fcr/E)c with a reduced empirical relationship. The following value, 
when inserted in Eq. (2), was found to provide the best prediction of 
local buckling of the stiffened curved elements discussed in this paper. 
(4) 
Substituting the above modifications in Eq. (2) along with a value of 
0.3 for Poisson's ratio, the following equation is obtained: 
( f /E) jO.0625(t/R)2 + 3.267(t/b)4 + 1.S07(t/b)2 cr t sc = (5 ) 
The tangent modulus, Et' is defined in Eq. (S). If fcr < Fpr' use 
Et = E. Equation (5) was used to predict local buckling of the 
stiffened curved elements discussed in this paper. Predicted buckling 
loads based on Eq. (5) are compared to the stub column test results in 
Table 3. 
2. Unstiffened Curved Elements. An approach similar to that used 
by Redshaw for stiffened curved elements leads to an extremely complex 
equation for unstiffened curved elements that is reasonable only if b/R 
is small. Because b/R is not small in most applications, an empirical 
or at least semi-empirical expression is necessary for the prediction of 
unstiffened curved element buckling behavior. A purely empirical 
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equation has been derived using a nonlinear, least squares regression 
analysis of the stub column data in which the unstiffened curved flanges 
failed by elastic, local buckling. Based solely on the regression 
analysis, the following equation was found to best fit the unstiffened 
curved element data. 
0.02926(t/R) + 0.02090(t/b) (6) 
However, recent study has revealed that a more rational approach 
provides better overall agreement with the test data than Eq. (6). In 
this approach, the t/b term is set equal to the critical buckling stress 
of an un-stiffened flat element with a buckling coefficient of 0.5 and 
with a flat width equal to the arc length of the curved element. The 
coefficient of the curvature term, t/R, was adjusted in order to provide 
the best possible agreement with the test data. This equation is shown 
below. 
0.04068(t/R) + 0.45192(t/b)2 (6a) 
Equations (6) and (6a) were developed for the initial elastic 
buckling of the unstiffened curved flanges of specimens having R/t 
ratios ranging from approximately 25 to 110 and bit ratios ranging from 
approximately 25 to 90. The tangent modulus, Et' is defined below in 
Eq. (.8). If fcr < Fpr ' use Et = E. For the sake of comparison, both 
Eqs. (6) and (6a) have been used to predict local buckling of the 
unstiffened curved elements discussed in this paper. The predicted 
buckling loads based on each equation are compar~d to the test data in 
Table 4. 
3. Inelastic Buckling. If the predicted elastic buckling stress, f , 
·cr 
was greater than the proportional limit, F ,then inelastic buckling pr 
was assumed. In this paper the tangent modulus concept was employed for 
the prediction of inelastic buckling. The expression used for the 
tangent modulus is shown below: 
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E (f IF )(l-(f IF» cr y cr y (7) 
(F IF )(l-(F IF» pr y pr y 
In order to provide a more 
was assumed fo~ the prediction of 
Substituting F = 0.7F into Eq. 
general design procedure, F = 0.7F pr y 
local buckling of the curved elements. 
pr y (7) yields the following equation: 
Et = 4.76E(f IF )(l-(f IF» cr y cr y (8) 
The modulus of elasticity, E, was assumed to be 29,500 ksi (203,373 
MFa) for all materials. EtlE is plotted as a function of f IF in Fig. 
cr y 
2 for F = O. 7F . pr y 
EXPERIMENTAL INVESTIGATION 
All of the curved elements were formed by a press brake operation, 
which employed a series of circular "pipe" dies. The test setup and 
procedure for the stub column tests of both the stiffened and 
unstiffened curved elements was practically identical. Figure 4 shows a 
typical stub column test setup before testing. 
1. Stiffened Curved Elements. Two "hat" type sections were 
connected as shown in Fig. 3(a), in order to test the stiffened curved 
elements. Figure 5 shows the three different curvatures of the curved 
flanges of the fabricated specimens. The three different radii and 
corresponding arc lengths of the AS specimens are given in Table 1. For 
each curvature six different materials were used. The mechanical 
properties and thickness.es of these materials are given in Table 2. The 
length of these stub columns was approximately 13 in. (330 mm). For 
each material and flange curvature a·· minimum of one test has been 
performed. A total of 22 stub columns were tested for the stiffened 
curved element. 
In order to prevent premature failure of the flat webs, vertical 
bracing, 3/4 X 3/4 X 1/8 in. (19.1 X 19.1 X 3.18 mm), cut approximately 
1/2 in. (12.7 mm) shorter than the stub columns, was att~ched to the 
webs as shown in Figures 6 (a) and 6(b). Slotted holes were used in 
282 EIGHTH SPECIALTY CONFERENCE 
connecting the bracing to the web. Also, a thin layer of foil, coated 
with WD-40, was placed between the bracing and the web. Using this 
procedure, the bracing was incapable of carrying any appreciable axial 
load. 
The results of the stub column tests for stiffened curved elements 
are given in Table 3. Column (2) of Table 3 lists the initial buckling 
loads associated with the first curved flange buckle. Paired strain 
gages, mounted at midheight on the center of the stiffened curved 
elements, were used to detect initial buckling through the use of the 
modified strain reversal method (4). 
The predicted initial buckling load, shown in column (3), is simply 
the predicted buckling stress, f cr ' from Eq. (5) times the total cross-
sectional area. If f is less than F , Et is replaced by E. As shown cr pr 
in column (5) of Table 3, good agreement exists between the tested and 
predicted initial buckling loads. 
The ultimate load that the specimen could withstand was taken 
directly from the Tinius Olsen machine and is recorded in column (1). 
The ultimate divided by the initial buckling load shown in column (6) 
gives some indication of the post-buckling strength of the curved 
elements. There seems to be a gradual increase in post-buckling strength 
as the curvature of the flanges decreases. For example, the highly 
curved AS3 specimens show no appreciable post-buckling strength whereas 
the flatter ASI specimens show some increase above the initial buckling 
load. This sort of behavior is not unexpected, since highly curved 
structures, such as thin-walled cylinders, are noted for their lack of 
post-buckling strength, whereas flat, stiffened elements may exhibit 
appreciable strength after buckling. 
As shown in column (4) of Table 3, two types of failure modes 
occurred for the stiffened curved elements. For those specimens that 
failed in the elastic range (or just slightly into the inelastic range), 
the buckled mode was in the form of a diamond. This type of failure 
seems reasonable since the diamond buckle pattern is commonly observed 
for cylinders with relatively large R/t ratios. The failure was very 
sudden with a sharp drop in the load withstood by the specimen. A loud 
"pop" accompanied the elastic buckling failure. Figure 6 (a) shows a 
typical failure of this type. 
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A wrinkling type of failure was observed for those specimens that 
failed well into the inelastic range. As might be expected, the failure 
was much more gradual than the diamond buckling mode. Figure 6(b) shows 
a typical wrinkling failure. Again, this type of failure is not 
unexpected since the wrinkling (or "ring") mode of failure occurs for 
cylinders with relatively small R/t values (5). 
2. Unstiffened Curved Elements. In order to test the unstiffened 
curved elements, two "channel" type sections were connected as shown in 
Fig. 3(b). Figure 7 shows the three different curvatures of the curved 
elements. Table 1 lists the three different radii and corresponding arc 
lengths for the unstiffened curved flanges of the CS specimens. The 
mechanical properties and thicknesses of the six different materials 
used for each curvature are given in Table 2. The length of these stub 
columns was approximately 12 in. (304. B mm). For each material and 
flange curvature a minimum of one test has been performed. A total of 
21 stub columns were tested for the unstiffened curved element. 
Again, 3/4 X 3/4 X l/B in. (19.1 X 19.1 X 3.1B mm) vertical bracing 
was added, if necessary, to the webs of some of these stub columns in 
order to prevent premature web buckling. The procedure for connecting 
the bracing was exactly the same as previous ly described for the 
stiffened curved elements. 
Table 4 presents the results of the stub column tests for 
unstiffened curved elements. The initial buckling loads associated 
with the first curved flange buckle are given in column (2). Using the 
same technique as for the stiffened curved elements, paired strain 
gages, mounted at midheight on the curved flange tips, were used to 
detect initial buckling. 
The predicted initial buckling loads for stub columns consisting 
of unstiffened curved elements are given in column (3) of Table 4 for 
Eq. (6) and in column (4) for Eq. (6a). For either equation, the 
predicted load is computed as simply the predicted buckling stress, f cr ' 
times the total cross-sectional area of the stub column. If f is less 
cr 
than F , Et is replaced by E. As shown by the tested to predicted pr 
initial buckling load ratios in columns (5) and (6), both Eqs. (6) and 
(6a) provide good estimates of the initial buckling of unstiffened 
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curved elements. However, because of the more rational nature of Eq. 
(6a), it is the preferred equation. 
Column (7) of Table 4, which is the ultimate to initial buckling 
load ratio, provides a general idea of the amount of post-buckling 
strength available for unstiffened curved elements. Similar to the 
stiffened curved elements, unstiffened curved elements with appreciable 
curvature, such as the CS3 specimens, exhibit very little, if any,post-
buckling strength. However, for very flat curvatures, such as the CSl 
specimens, some post-buckling strength is available. 
The buckled wave of the flatter CSl flanges was quite similar to 
that of flat, unstiffened elements as shown in Fig. 8 (a) . In other 
words, the wave length was relatively long with a couple of waves 
appearing along the length of the curved flange tip. However, the 
buckled wave length became much shorter as the curvature of the flange 
was increased. For the larger curvatures of the CS2 -and CS3 specimens, 
only a single outward wave occurred at the location of failure. A 
typical failure is shown in Fig. 8(b). The reason for this type of 
failure is that the curvature and thus, the stiffness of the curved 
flange is reduced by an outward buckle. 
CONCLUSION 
Because curved elements are widely used in various types of 
structural components, and because the accurate theorectical prediction 
of their local buckling is extremely difficult, an empirical 
investigation has begun. It is hoped. that the expressions developed 
herein, along with the additional research work to follow, will prove to 
be useful tools in the analysis of the structural behavior of curved 
elements. 
BUCKLING OF CURVED ELEMENTS 285 
ACKNOWLEDGMENTS 
This investigation was sponsored by the American Iron and Steel 
Institute. The technical guidance provided by the AISI Task Force on 
Structural Design and Research of the Transportation Department, under 
the chairmanship of Dr. S. J. Errera, and the AISI staff, Dr. A. L. 
Johnson, is gratefully acknowledged. 
Materials used in the experimental study were donated by Bethlehem 
Steel Corporation, Inland Steel Company and National Steel Corporation. 
REFERENCES 
1. Fenton, J., Vehicle Body Layout and Analysis, London, Mechanical 
Engineering Publications, Ltd., 1980. 
2. Redshaw, S.C., "The Elastic Stability of a Curved Panel Under Axial 
Thrust", The Aeronautical Journal, Vol. 42, pp. 536-553, 1938. 
3. Sechler, E.E., and Dunn, L.G., Airplane Structural Analysis 




A.L., "The Structural Performance of Austentic Stainless 
Members," Department of Structural Engineering Report 
Corne1l.University, November, 1966. 
5. Mahmood, H.F., and Paluszny, A., "Axial Col1apse of Thin Wal1 
Cylindrical Column", SAE Technical Paper Series 840727. 
286 EIGHTH SPECIALTY CONFERENCE 
NOTATION 
The following symbols are used in this paper: 
b 
E 
curved element arc length; 
modulus of elasticity; 
tangent modulus; 
predicted buckling stress of a curved element; 
buckling stress ratio of a full cylinder with the same R/t 
ratio as the curved element; 
buckling stress ratio of a simply supported flat plate with 
the same bit ratio as the curved element; 
buckling stress ratio of a stiffened curved element 
subject to uniform compression; 
buckling stress ratio of an unstiffened curved element 
subject to uniform compression; 
F proportional limit; pr 
F yield strength; y 
Fu ultimate strength; 
R curved element radius; 
t curved element thickness; and 
p elastic Poisson's ratio. 
Table 1. 
BUCKLING OF CURVED ELEMENTS 
Nominal Dimensions of Curved Elements 
for Stub Column Specimens 
Specimen R b Length Type of Curved 
No. (in. ) (in. ) (in. ) 
AS1 15 4.01 13 
AS2 3.5 4.26 13 
AS3 2 6.29 13 
CS1 4 2.02 12 
CS2 1.25 2.32 12 
CS3 1 3.14 12 
Notes: 
~ee Figures 3, 5, and 7 for geometry of stub columns. 
2) 1 in. = 25.4 mm. 
Table 2. Material Properties and Thicknesses of Six 








Material (Fpr)c (Fy)c (Fy)t (Fu)t Elongation t 
Designation (ksi) (ksi) (ksi) (ksi) (%) 
80XF 77 .1 89.4 88.3 98.7 22.8 
50XF(78) 49.1 63.6 57.2 66.5 27.3 
80SK 53.0 75.4 82.2 88.8 12.7 
80DK 45.9 54.1 58.2 87.6 25.7 
50XF(39) 41.4 58.9 54.2 63.1 33.3 
30SK 16.4 26.8 26.5 44.7 45.7 
and (F) are based on longitudinal compression y c 
coupon tests. 
2) (Fy)t' (Fu)t' and Elongation are determined from longitudinal 
tension coupon tests. 
3) Elongation was measured over a 2-in. gage length. 
4) 1 in. 25.4 mm. 
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Table 3. Comparison of Actual-to-Predicted Buckling Loads 
Stiffened Curved Element Specimens 
(Based on Eq. (5) with F = 0.7F ) pr y 
Specimen Ultimate Initial Predicted 
Load Buckling Buckling Failure ill ill (kips) Load Load Type (3) (2) 
(kips) (kips) 
(1) (2) (3) (4) (5 ) (6) 
* 80XFAS3-1 188.4 188.4 186.5 Wrinkle 1. 01 1.00 
50XF(78)AS3-1 >~ 135.0 135.0 126.9 Wrinkle 1.06 1.00 
* 80SKAS3-1 121.1 121.1 112.0 Wrinkle 1.08 1.00 
* 80DKAS3-1 72.1 72.1 60.3 Wrinkle 1.20 1.00 
50XF(39)AS3-1 * 57.5 57.5 57.2 Wrinkle 1.01 1.00 
* 30SKAS3-1 18.7 1B.7 19.5 Wrinkle 0.96 1.00 
* BOXFAS2-1 158.2 158.2 156.6 Wrinkle 1.01 1.00 
50XF(78)AS2-1 * 102.0 102.0 104.3 Wrinkle 0.98 1.00 
,~ 
80SKAS2-1 99.0 98.5 91.8 Wrinkle 1.07 1. 01 
* BODKAS2-1 53.7 53.4 49.1 Diamond 1.09 1. 01 
50XF(39)AS2-1 * 43.9 43.9 45.4 Wrinkle 0.97 1.00 
* Loo 30SKAS2-1 16.5 16.5 17.0 Wrinkle 0.97 
80XFAS1-1 147.8 142.5 140.9 Diamond 1.01 1.04 
* 50XF(78)AS1-1 94.9 92.5 90.0 Diamond 1.03 1.03 
* 50XF(78)ASl-2 93.0 87.5 92.0 Diamond 0.95 1.06 
* BOSKAS1-1 87.5 83.4 77 .B Diamond 1.07 1.05 
* 80DKAS1-1 45.0 41.6 39.8 Diamond 1.05 LOB 
80DKASl-2 43.4 28.9 32.8 Diamond 0.88 1.50 
SOXF(39)AS1-1 33.B 32.2 27.6 Diamond 1.17 1.05 
50XF(39)ASl-2 34.0 28.7 2B.6 Diamond 1.00 1.18 
* 30SKAS1-1 13.6 11.8 13.1 Diamond 0.90 1.15 
30SKASl-2 14.4 10.7 12.7 Diamond 0.B4 1.35 
Mean 1.01 
Std. Deviation 0.085 
* f > F pr; inelastic buckling assumed. cr 
1 kip = 4.448 kN. 
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Table 4. Comparison of Actual-to-Predicted Buckling Loads 
Unstiffened Curved Element Specimens 
(Based on Eqs. (6) and (6a) with F = 0.7F ) pr y 
Specimen Ultimate Initial Predicted 
Load Buckling Buckling ill ill ill (kips) Load Load (3) (4) (2) 
(kips) (kips) 
~ Eg. (6a) 
(1) (2) (3) (4) (5 ) (6) (7) 
,., 
80XFCS3-1 135.0 135.0 127.1 133.7 1. 06 1. 01 1.00 
,., 
50XF(78)CS3-3 93.7 92.8 88.6 92.0 1.05 1. 01 1. 01 
.. " 80SKCS3-2 85.6 84.4 72.5 76.7 1.16 1.10 1. 01 
... " 80DKCS3-2 45.8 45.8 39.2 41.2 1.17 1.11 1.00 
50XF(39)CS3-3 32.0 32.0 32.3 35.2 0.99 0.91 1.00 
* 30SKCS3-2 14.3 14.3 13.1 13.5 1. 09 1.06 1. 00 
* 80XFCS2-1 120.0 117.0 102.8 108.5 1.14 1.08 1.03 
* 50XF(78)CS2-1 75.0 74.5 72.1 74.9 1.03 1.00 1. 01 
.. 1: 
80SKCS2-1 62.6 57.0 59.8 63.0 0.95 0.90 1.10 
* 80DKCS2-3 39.9 39.8 33.6 34.9 1.18 1.14 1. 00 
50XF(39)CS2-1 28.0 27.4 27.3 29.2 1.00 0.94 1.02 
.. 1: 
30SKCS2-1 10.8 10.4 11. 0 11. 2 0.95 0.93 1.04 
80XFCS1-1 78.2 73.7 68.5 78.0 1. 08 0.94 1.06 
80XFCSl-2 78.3 77.7 67.4 76.3 1.15 1. 02 1. 01 
50XF(78)CS1-1 57.0 48.8 54.1 58.4 0.90 0.84 1.17 
50XF(78)CS1-2 54.4 49.5 51.9 55.3 0.95 0.90 1.10 
80SKCS1-1 41.5 34.3 36.5 36.8 0.94 0.93 1. 21 
80SKCSl-2 39.8 33.8 35.7 35.8 0.95 0.94 1.18 
80DKCS1-1 25.2 22.4 20.5 18.9 1. 09 1.19 1.13 
50XF(39)CSl-2 15.7 11.8 12.8 10.5 0.93 1.13 1.33 
30SKCS1-2 9.38 7.88 9.11 7.80 0.86 1. 01 1.19 
Mean· 1.03 1.00 
Std. Deviation 0.098 0.094 
* f > F pr; inelastic buckling assumed. cr 
1 kip = 4.448 kN. 
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(b) Unstiffened Curved Elements 
Fig. 3 Profiles of Stub Column Specimens 
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ASl AS2 AS3 
Fig. 5 Three Different Curvatures of Stiffened Curved Elements 
(a) Typical Diamond Buckle Failure 
(b) Typical Wrinkling Failure 
Fig. 6 Failure Modes for Stiffened Curved Elements 
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CSl CS2 CS3 
Fig. 7 Three Different Curvatures of Unstiffened Curved Elements 
(a) Typical Failure for the Flatter 
CSl Specimens 
(b) Typical Failure for the Larger 
Curvature CS2 and CS3 Specimens 
Fig. 8 Failure Modes for Unstiffened Curved Elements 
